This paper has double purposes. One of them is to give a new bound on the number of points of a plane curve of degree d over a finite field that meets Sziklai's conjectural bound at d = q + 1. An example shows that this bound is sharp for d = q + 1. The second one is to study an example against that conjecture for q = d = 4. This curve also shows the sharpness of our bound.
Introduction
To count the number of points of a curve is one of the interesting topics in Galois geometry. We consider a curve C in projective plane P 2 over a finite field F q , and denote by C (F q ) the set of F q -points of C . More precisely, when C is defined by a homogeneous equation F (X, Y , Z ) = 0 whose coefficients are all in F q , C (F q ) is the set of F q -points (α, β, γ ) ∈ P 2 such that F (α, β, γ ) = 0, namely we do not care about whether those points are nonsingular points of C or not.
We are interesting in the cardinality N q (C) of C (F q ). Since most interesting curves are (absolutely) irreducible or nonsingular, we put a restriction on our curve, which is weaker than those properties but excludes uninteresting cases from consideration. We suppose that our curve C has no F q -line as a component. Let M q (d) be the maximum among the numbers {N q (C) | C ∈ C d (F q )}, where C d (F q ) is the set of plane curves over F q of degree d without an F q -linear component. 5 3 < d q + 1 and implies that the Sziklai conjecture is true for d = q + 1. The bound (2) is sharp for d = q + 1. In fact, the nonsingular curve defined by
over F q attains that bound. We discuss these matter in the next section.
In Section 3, we consider the curve
over F 4 , which gives a counter example against that conjecture. Actually, the fact M 4 (4) = 14 (> (4 − 1)4 + 1) had been already known [5, 2] . We prove that if a plane curve C of degree 4 over F 4 has 14 F 4 -points, then C is projectively equivalent to the curve (4). Moreover, if there is a nonsingular curve of degree 4 over F q which has more than 3q + 1 points, then q = 4 (Remark 3.8).
Before going to our purpose, we settle the uninteresting cases.
if q is not a power of 2, or 3 If we count all curves over F q in the problem to find the maximum number of 
and
A bound for M q (d)
We consider a plane curve
is not a component of C , the intersection multiplicity i(l.C ; P ) at P ∈ l ∩ C makes sense.
Theorem 2.1. Under the above setting, we have N q (C) (q
Proof. Let us consider the point-line correspondence
Let π 1 : P → C (F q ) and π 2 : P →P 2 (F q ) be the first and the second projections. Since
On the other hand, for each point P ∈ C (F q ), there is at least one F q -line l so that i(l.C ; P ) 2, because we choose l as the tangent line to C at P if this point is nonsingular and may choose any line passing through P if this point is singular. Hence
The upper bound (2) for M q (d) that has been proved above is the same with Sziklai's conjectural bound at d = q + 1. The following example shows this bound is sharp when d = q + 1. 
We give a characterization of the curve (3). For a plane curve C over F q , we denote by
and all the points of Z (C) are collinear, then C is projectively equivalent to the curve defined by (3).
Proof. Since an F q -line contains Z (C), we may assume that Z (C) ⊂ {Z = 0}. Moreover this line meets with C at only one F q -point because # Z (C) = q. We may assume that point to be (0, 1, 0). Let F (X, Y , Z ) = 0 be the defining equation of C . Since C contains all the F q -points of the affine space {Z = 0}, the inhomogeneous polynomial F (x, y, 1) belongs the ideal (x q − x, y q − y). Since deg F = q + 1, there are linear polynomials with F q -coefficients 
Then it is easy to see by straightforward computation that C 0 is nonsingular and
We mention an interesting property of this curve. We use the following notation for points of C 0 (F 4 ): on the line Z = 0, we have two points of C 0 from 1, 0) and P ∞,η 2 = (η 2 , 1, 0); on the affine plane {Z = 0}, we denote by P α,β for (α, β) ∈ F Remark 3.1. Any tangent line to C 0 at an F 4 -point is an F 2 -line and tangent to C 0 at exactly two F 4 -points. Actually, we have the following list:
Remark 3.2. The dual curveČ 0 of C 0 is impressive. Actually,Č 0 is a curve inP 2 of degree 6 that is defined over F 2 . The list in the above remark shows thatČ 0 has exactly 7 singularities that are F 2 -points. However the normalization ofČ 0 has no F 2 -point, because it is the Frobenius image F 2 (C 0 ) of C 0 , where F 2 is the Frobenius morphism of P 2 over F 2 .
The main purpose of this section is to show the following fact. 
It is a contradiction.
(
Step 2) The claim is: for each point P ∈ C (F 4 ), there is a point P ∈ C (F 4 ) with P = P so that either T P (C).C = 2P + 2P or T P (C).C = 3P + P . We prove this by an argument of Segre, which was used in [4, Osservazione III on page 32]. We consider the correspondence
If we count the number of points of C (F 4 ) by using the F 4 -lines passing through A, then N 4 (C) 4 × 3 + 0 + 1 = 13, which is a contradiction.
Suppose b 2. Then there exists a point B ∈ C (F 4 ) such that there are two distinct points
by using the F 4 -lines passing through B, we know N 4 (C) 5 × 3 + 1 − 3, where the subtracter 3 comes from the fact that each tangent line to C at the three points A 1 , A 2 and B passes through B. It is absurd.
Hence a 1 and b
# T and π 1 is bijective. The bijectivity of π 1 guarantees the claim of this step.
(Step 3) We want to exclude the possibility of T P (C).C = 3P + P from the claim in step 2. Suppose that there is a point P ∈ C (F 4 ) such that T P (C).
Since each F 4 -line has five F 4 -points, there are three points
We prove that the line Q i R j contains a point of Z (C) which is neither Q i nor R j . Since Q i R j contains five F 4 -points, it is enough to see that
Since the line Q i R j already contains two F 4 -points that do not lie on C , the equality
by step 2. Hence the line Q i R j meets with C at a point U which is different from the three points of
Hence Q i R j ∩ C contains five points, which is absurd because deg C = 4. Therefore Z (C) must contain more than 7 points, which is a contradiction. 2 Corollary 3.5. Let l be an
Proof. Since l has five F 4 -points, the condition
As was
shown at the latter part of step 3 in the proof of Lemma 3.4, the equality
By Lemma 3.4, there are 7 bitangents to C that meet with C only at F 4 -points. Hence there is a point P ∈ l ∩ Z (C) that two or more of those 7 bitangents pass through. Counting N 4 (C) by using the five F 4 -lines passing through P , we have
) and 2 × 2 comes from two bitangents. It is a contradiction.
Next suppose
consists of one point. Counting N 4 (C) by using the five F 4 -lines passing through that point, we have N 4 (C) 13, which is also a contradiction. 2 Proof. Projective plane with 7 points is a 2 − (2
, that is, the axioms:
# m = 2 + 1; (P3) for two distinct points P , Q ∈ Z , there uniquely exists a line m ∈ L so that P , Q ∈ m must be fulfilled [1] . It is obvious that (Z (C), L(C )) satisfies (P1) and (P2), and it follows from Corollary 3.5 that (Z (C), L(C )) satisfies (P3). 2 Lemma 3.7. There exists a projectivity Φ ∈ PGL(3, F 4 ) such that Φ(Z (C)) = P 2 (F 2 ).
Proof. Since (Z (C), L(C )) forms a projective space, we can choose three non-concurrent lines .
